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In modern inertial fusion experiments there is a complex interplay between non-locality and mag-
netisation that can greatly influence transport. In this work we use a matrix recursion method to
include higher-order corrections beyond the diffusion approximation usually used for magnetised
plasmas. Working in the linear regime, we show this can account for arbitrary orders of the distri-
bution function expansion in Knudsen non-locality parameter kλei. Transport coefficients, such as
thermal conductivity, deviate significantly from the magnetised diffusive approximation. In partic-
ular we show how higher orders of the expansion contribute to transport on a plasma perturbation
asynchronously parallel, perpendicular and cross-perpendicular to a uniform magnetic field.
I. INTRODUCTION
ICF experiments consistently show a deviation in ther-
mal transport from the local Spitzer-Harm approxima-
tion [1–5]. The Nernst effect and the Righi-Leduc heat
flow in magnetised simulations and experiments are sim-
ilarly affected [6–8]. As such there is a need for a model
that can be used in codes that accurately reproduces the
transport that is present in Vlasov-Fokker-Planck (VFP)
simulations without the computational overhead of a ki-
netic code.
Improvements in the accurate calculation and simula-
tion of plasma physics phenomena is essential in laser-
based fusion research. Reliable simulations are necessary
to design experiments and to explain their results. Con-
structing an accurate non-local transport model relies on
understanding how certain approximations contribute to
the error.
The conventional derivation of fluid theory relies on
the truncation of the spherical harmonic (SH) expansion
of the electron distribution function in velocity space [9],
f0 +µf1. It is assumed there is only a small deviation of
the distribution function away from a Maxwellian. This
‘diffusive approximation’ relies on terms higher than f1
being small enough to be ignored. A further approxima-
tion is made where it is assumed the isotropic part f0 is
itself Maxwellian.
This local approximation holds in the regime LT >>
λei, where the electron-ion collision mean-free-path λei is
much smaller than the temperature scale length LT . This
condition however is frequently violated in high-intensity
laser-plasma interactions [10, 11]. Simulations of plasmas
(especially in hohlraum regimes in inertial confinement
fusion (ICF) and scrape-off layers (SOL) in tokamaks)
cannot accurately predict the heat flow due to this non-
local nature.
Magnetic fields are present in plasmas through self-
induction phenomena such as the Biermann-battery ef-
fect [12] or through external field coils. This latter
method has been favoured in recent experiments [13–15]
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to take advantage of the reduction in thermal transport
under a magnetic field to improve the fusion yield. The
inclusion of a magnetic field acts as a localisation mech-
anism [16], and thus complicates the creation of an accu-
rate model to simulate non-local transport by adding an
anisotropic effective mean free path.
In this work we will be analysing the influence of the
higher polynomial terms of the SH expansion on mag-
netised transport. These terms are ignored in local fluid
models but also in conventional non-local transport mod-
els such as the SNB model [17, 18]. We examine whether
ignoring higher SH terms in the expansion accounts for
the error in magnetised transport effects such as the
Nernst effect and perpendicular thermal transport. To
incorporate the higher order terms, our analysis will con-
sider the linearised electron VFP model with a magnetic
field. This will enable the use of a continued fraction
method introduced by Epperlein [19], used previously in
local linear theories without a magnetic field [20, 21]. We
find a magnetised non-local correction to the f1 equation
that incorporates contributions from an arbitrary num-
ber of terms in the expansion of the electron distribution
function. Thereby we extend the work of Brantov [22] to
go beyond the diffusive approximation. This factor can
be considered a modified collision frequency and can be
used to calculate a non-local correction to the transport
coefficients in the linear regime.
We show how the truncation of the distribution func-
tion expansion leads to errors in the non-local, mag-
netised regime relative to the diffusive approximation.
The corresponding transport coefficients show significant,
non-monotonic, deviation of up to 50% from the diffu-
sive approximation at intermediate non-locality values
(kλei ≈ 10−100). We also present the unexpected result
of non-monotonic non-locality dependence of perpendic-
ular transport coefficients, which has never before been
reported. This leads to transport coefficients varying sig-
nificantly from expected behaviour [22], and suggests a
complex interplay between the localising effect of mag-
netic fields and the non-locality of non-Maxweillian dis-
tributions.
We begin by a brief discussion of non-local transport
under magnetic fields in section II. Section III will present
the matrix recursion method and calculate the correc-
2tions needed to calculate the modified coefficients. In
section IV will show how the corrected coefficients dif-
fer from the classical forms derived in the diffusive ap-
proximation. Finally, section V will discuss how these re-
sults impact laser-plasma experiments and the parameter
space where the corrections are important. The appendix
A presents the calculations of the transport coefficients
in the classical diffusion approximation.
II. NON-LOCAL MAGNETISED TRANSPORT
In the presence of sufficient Coulomb collisions, the
fluid approximation assumes the distribution function of
electrons in a plasma is approximately Maxwellian,
fm = ne
(
1
2πv2th
)3/2
exp
(
− v
2
2v2th
)
. (1)
However in the presence of steep temperature gradi-
ents, electrons with collisional mean-free paths greater
than the scale length of the gradient (where LT << λei),
stream down the temperature gradient without thermal-
ising to the local distribution. Equivalently, one can fol-
low Epperlein [23] and consider a wave mode of wavenum-
ber k and define a non-locality parameter, the Fourier-
space Knudsen number, η where
η = kλei(v). (2)
Where one can define also a thermal value ηth =
kλei(vth). Modes with high values of η will be less col-
lisional and the electrons unable to relax to be locally
Maxwellian. The deviation from an isotropic Maxwellian
motivates the use of a spherical harmonic expansion of
the distribution function,
fe(x,v, t) = f0 + f1 · v
v
+ f2 :
vv
v2
+ ... (3)
The anisotropy in the distribution is contained in the
terms f1 and higher. The inherently anisotropic nature of
magnetic fields means their influence is applied to these
fn, n > 1 terms.
A. Magnetised Form of the Electron VFP
In the diffusion approximation the electron VFP equa-
tion becomes the two equations
∂f0
∂t
+
v
3
∇ · f1 + 1
3v2
∂
∂v
(
v2a · f1
)
= Ce0, (4)
∂f1
∂t
+ v∇f0 + a∂f0
∂v
+ ω × f1 = −νeif1 +Ce1. (5)
Electron-electron collisions are present through the terms
Ce0 and Ce1 and where the electromagnetic fields are
defined as
a = − e
me
E, (6)
ω = − e
me
B. (7)
From the f1 equation (Eq. 5), if the time dependence is
ignored, such that f1 is instantaneously calculated from
f0, it can be shown that
f1 = − 1
νei(v)
M
(
v∇f0 + a∂f0
∂v
)
. (8)
The magnetic field has been incorporated into a ‘mag-
netisation matrix’ defined as
Mij =
χiχj
χ2
+
(
δij − χiχj
χ2
)
1
1 + χ2
− ǫikjχk
1 + χ2
, (9)
in terms of the Hall vector χ, itself defined in terms
of the Larmor frequency ω = − eBme and the collision fre-
quency νei as
χ =
ω
νei(v)
. (10)
One can see the thermal value of this parameter is
χth = ω/νei(vth). The three terms of this matrix
represent the fluxes parallel, perpendicular and cross-
perpendicular to the magnetic field respectively. Given
this definition of f1, it is possible to calculate the fluxes of
charge (current, j) and thermal energy (the intrinsic heat
flow, q’), and in turn the transport coefficients using the
moment expressions [24],
j = −e4π
3
∫ ∞
0
f1v
3dv, (11)
q =
4π
3
me
2
∫ ∞
0
f1v
5dv, (12)
q’ = q+
5Te
4e
j. (13)
This work will be considering the influence on linear
perturbations to the electron fluid. We follow here the
derivation used by Epperlein [25, 26], albeit in a lin-
earised model. A full calculation of the local transport
coefficients in this manner can be found in Appendix A.
They will form the basis of the non-local corrected forms,
as we shall take these local coefficients and modify them
with correction factors that follow.
After linearising and performing a Fourier transform,
the f1 equation is
fˆ1 = − 1
νei(v)
M
[
ikvδfˆ0 + aˆ
∂fm
∂v
]
. (14)
3Where the Maxwellian fm is defined in terms of the
uniform background density and temperature n0, T0,
with vth =
√
T0/me.
The transport coefficients are recovered by forming the
Onsager transport relations from moments defined by
eqs. 11-13. The Onsager form is then transformed into
the classical transport coefficient forms. Full details of
this procedure can be found in Appendix A.
III. CALCULATING THE HIGH-POLYNOMIAL
CORRECTIONS
The methodology described above can be extended to
incorporate the higher-order terms by finding a correc-
tion factor that sits in the matrix M, to find such a cor-
rection we look first at continued fractions.
A. Continued Fractions
In the linear regime the Vlasov-Fokker-Planck equation
can, using the SH expansion, be represented as an infinite
set of coupled linear equations. The system can written
in the form of a recurrence relation [19],
fl+1 + alfl + blfl−1 = 0. (15)
In the unmagnetised case, this recurrence relation has
the corresponding continued fraction
fl
fl−1
=
− al
bl +
− al+1
bl+1 +
− al+2
bl+2 + ...
. (16)
Each successive equation in the hierarchy contributes
to the fraction, which can be shown to converge at in-
finity. This form is used by Epperlein [19] to calculate
a correction factor H(η) to the collision frequency that
encodes the dependence on non-locality (η). It is derived
by ‘summing up’ the contributions of the entire infinite
hierarchy of linear equations, and he finds it to be ap-
proximately
H(η) =
√
1 + (
πη
6
)2. (17)
By analogy with this unmagnetised result, the aim
will be to define a trio of modified collision frequencies
H‖(η, χ), H⊥(η, χ), H∧(η, χ), that encapsulate the effect
of the higher-order terms. The magnetisation matrix
would then become
Mij =
1
H‖
χiχj
χ2
+
1
H⊥
(
δij − χiχj
χ2
)
1
1 + χ2
− ǫikjχk
1 + χ2
1
H∧
.
(18)
The H functions would then follow through to the cal-
culation of the coefficients via the moment integrals in
Appendix A. The question is how to calculate these H
functions from the infinite hierarchy of linear equations
that come out of the SH expansion of the magnetised
VFP.
B. Spherical Harmonics and the KALOS formalism
To construct a recurrence relation that will apply to
a magnetised plasma, we turn to the KALOS formalism.
The KALOS formalism [27] solves the electron Vlasov-
Fokker-Planck equation by decomposing the distribution
function into spherical harmonics,
fe(x,v, t) =
∞∑
l=0
l∑
m=−l
fml (x, v, t)P
m
l (cos θ)e
imφ, (19)
and solving the resulting non-linear system of equa-
tions numerically to an arbitrary choice of order of har-
monic. For our purposes we shall only need the specific
form for a linear perturbation in one direction. After
linearising, the KALOS system of equations become, for
l ≥ 1,
∂fml
∂t
= Aml +B
m
l + C
m
l + E
m
l , (20)
Cml = −
l(l+ 1)
2
νei(v)f
m
l , (21)
Aml = −
(
l −m
2l − 1
)
v
∂fml−1
∂x
−
(
l +m+ 1
2l+ 3
)
v
∂fml+1
∂x
,
(22)
Eml =
eEx
me
∂fm
∂v
. (23)
Following the analysis of Epperlein, the electric field
term Eml will only appear in the l = 0 equation. The
collision term Cml only contains contributions from e-i
collisions, under the assumption the e-e collisions only
contribute weakly to terms l > 0. For the magnetic field
term, there are two forms depending on the value of m,
for m = 0,
Re(B0l ) = −
e
me
l(l + 1)(BzRe(f
1
l ) +ByIm(f
1
l )), (24)
and for m > 0,
4Bml = −i
eBx
me
mfml −
e
2me
[
(l −m)(l +m+ 1)(Bz − iBy)fm+1l − (Bz + iBy)fm−1l
]
. (25)
Using a Fourier transform this set becomes an algebraic
recurrence relation where each fml is coupled to f
m+1
l ,
fm−1l , f
m
l+1 and f
m
l−1.
We will simplify the problem by considering a uniform
magnetic field directed along the z-axis, Bz; if we also
work in the region of low-frequency waves we can assume
the Fourier transform of the time derivative term in Eq.
20 is ignorable. Then at each order of l > 1 there is the
5-point recursion relation of the form,
l(l + 1)
2
fml + iη
[
l −m
2l − 1f
m
l−1 +
l +m+ 1
2l + 3
fml+1
]
− χ
2
[
(l −m)(l +m+ 1)fm+1l − fm−1l
]
= 0. (26)
Here η = kλei with the Fourier wavenumber k and
χ = ωcτei.
C. Matrix Recursion Relation
This problem can be recast as a matrix recursion re-
lation, with a vector fl of length l + 1 with elements
f0l , f
1
l , f
2
l , .... This recursion relation will have matrix
coefficients of size (l + 1) × (l + 1). The objective, in
analogy with the continued fraction method above, is to
close the recursion relation with a matrix that contains
contributions from orders l+ 1, l+ 2, l+ 3, etc. This will
entail finding a recursion relation closure of the form,
fl+1 = Sl+1fl, (27)
such that only the l = 1 equation is necessary and all
the information from the higher modes is contained in
the matrix Sl+1. In this way the influence of the entire
infinite set can be included in only the first two orders.
For each order of l, Eq. 26 has the matrix form,
Mlfl + iηNlfl−1 + iηPlfl+1 = 0. (28)
The matrix Ml is tridiagonal with size (l+1)× (l+1)
and defined as
Ml =

 ...χ
2 ,
l(l+1)
2 , −χ2 (l −m)(l +m+ 1)
...


The matricesNl and Pl are diagonal, with the diagonal
elements (with m ∈ [0, l])
Nml =
l −m
2l− 1 (29)
Pml =
l +m+ 1
2l + 3
(30)
Using the closure relation it is possible to convert the
recurrence relation to the form,
(Ml + iηPlSl+1) fl = −iNlfl−1, (31)
and by comparison with equation 27, we can find the
matrix Sl+1 defined in terms of a matrix recursion rela-
tion,
Sl = − (Ml + iηPlSl+1)−1 iηNl. (32)
However it will be useful to introduce a secondary form
using the matrix G, defined as,
Gl =Ml + iηPlSl+1, (33)
which follows the matrix recursive definition,
Gl = Ml + η
2PlG
−1
l+1Nl+1. (34)
Comparing this equation to equation 15, one can see
the analogy with a continued fraction of the form of eq.
16
Gl =Ml + η
2Pl
(
Ml+1 + η
2Pl+1G
−1
l+2Nl+2
)−1
Nl+1.
We can see from this definition that if the plasma is
perfectly local, i.e η = 0, the matrix Gl is equal to Ml
and there is no need for a recursive definition as there is
no coupling to successive orders of l.
To close the system at the first order l = 1 and find
Cartesian forms, we make use of the KALOS relations
fxl = f
0
l , (35)
fyl = 2Re(f
1
l ), (36)
fzl = −2Im(f1l ), (37)
to map the elements of G1 to the Cartesian coordinate
system.
5D. Incorporating the f0 equation
So far, there has been no mention of the f0 equation
and the influence it will have on the correction factors. f0
is assumed to be a local Maxwellian in fluid and simple
non-local models [26], however the non-local deviation
from a Maxwellian must be included, and as such the
f0 equation must form part of the equation set. The
linearised f0 equation in Fourier space is
∂δfˆ0
∂t
+ i
v
3
k · fˆ1 = Ce0[δfˆ0]. (38)
Assuming a BGK e-e collision operator for Ce0, the
Laplace transform of the above equation yields
sδfˆ0 − δfˆm(0) + i v
3
k · fˆ1 = −νeeδfˆnl. (39)
Where δfˆnl represents the non-local contribution to the
deviations from global equilibrium. The initial condition
is represented by a perturbed, sinusoidal Maxwellian,
δfˆm(0) = δmˆ(0)fm =
[
δnˆ(0)
n0
+
δTˆ (0)
T0
1
2
(
v2
v2th
− 3)
]
fm.
(40)
The linearised f1 equation (eq. 14) similarly is
ikvδfˆ0 − aˆ v
v2th
fm = −νeiM−1fˆ1. (41)
If the deviation from the global f0 is taken as the sum
of local Maxwellian and non-local parts, δf0 = δfm+δfnl,
and we eliminate δf0, this leaves
− νei
[
K+M−1
]
fˆ1 =
[
ikvδQˆ− aˆ v
v2th
]
fm, (42)
the factor δQ˜ is defined as
δQˆ =
δmˆ(0) + νeeδmˆ
s+ νee
, (43)
and the matrix K is defined as
Kij =
kikjv
2
3νei(s+ νee)
. (44)
It is possible to use the quasi-static approximation for
f0 in which case we can assume δQˆ = δmˆ. Whilst the
value of s is large at high frequency, for a quasi-collisional
plasma s << νee, and so s can be dropped without detri-
mentally effecting the values of the coefficients [28]. This
also allows us to use the form of the electron mean free
path λmfp =
√
λeeλei ≈
√
Zλei.
In this case, the non-local influence of the f0 equation
on f1 is held within the matrix K. It is possible to invert
K + M−1 such that the elements of K are held within
the H functions.
10−3 10−2 10−1 100 101 102 103
ηth
100
101
102
103
104
105
H ∥
FIG. 1. The dependence of H‖ against non-locality parameter
η. This logarithmic scale show that as the plasma becomes
more non-local, at very high values of η the correction factor
rises linearly.
E. Calculating the Correction Factors
We are now in a position to calculate a form for the
H functions described in section IIIA. By comparing the
magnetisation matrix M defined in eq. 18 and modifying
it to included the influence of the matrix K, the form of
the H functions are
H‖ = Gzz +
√
Zη2
3
, (45)
H⊥ =
G2xy + (Gxx +
√
Zη2
3 )
2
(Gxx +
√
Zη2
3 )(1 + χ
2)
, (46)
H∧ = −
(G2xy + (Gxx +
√
Zη2
3 )
2)χ
Gxy(1 + χ2)
. (47)
The matrix elements Gij correspond to the Cartesian
elements of the matrix G1 calculated recursively from
equation 34. Therefore the terms Gij correspond to the
corrections from l > 1 and the matrix K corresponds to
the corrections from the f0 equation. These functions can
then be used in equation 18 to define a new magnetisation
matrix for the f1 equation.
These functions are evaluated by calculating the recur-
sive definition of Gl (Eq. 34) as a function of η, v, χ up to
an arbitrarily large value of l. A numerical calculation is
performed up to lmax = 200, for a mesh of values of these
parameters across a wide range of scales. The result of
the H functions are plotted in figures 1, 2 and lineouts
for the magnetised coefficients are shown in figures 3,4
and 5.
For H‖, as shown in figure 1 there is no dependence
on χ. This is to be expected given the magnetic field has
no effect on the component parallel to the field. Reas-
suringly the functional form of H‖ matches exactly the
60 5 10 15 20 25 30 35 40
χth
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FIG. 2. Dependence of H⊥ on magnetisation χ and non-
locality η. This 2D map shows the emergence of a valley
at approximately η = 10, and deepens as magnetisation in-
creases.
10−3 10−2 10−1 100 101 102 103
ηth
0.00
0.25
0.50
0.75
1.00
1.25
1.50
1.75
2.00
H⟂  at Different Magnetisations
χ=0
χ=5
χ=10
χ=15
χ=20
χ=30
FIG. 3. Lineouts of H⊥ for different magnetisation val-
ues against non-locality. For χ = 30 the curve is non-
monotonic, diverging significantly from the unmagnetised be-
haviour. There is a clear shift to higher η as magnetisation is
increased
result of Epperlein (Eq. 17), where the value of H‖ rises
monotonically as the non-locality parameter increases.
The H⊥ and H∧ functions however show a very dif-
ferent picture, as functions of χ they show much more
complex behaviour. In figure 2, H⊥ shows a clear ‘val-
ley’ along a strip as χ increases. If we look at lineouts
of this function in figure 3, in the absence of a magnetic
field it resembles H‖ but as the magnetisation increases,
it shifts to the right and forms a minimum where its value
is lower than the local (η = 0) value.
The functional form of H∧ in figure 4 shows a simi-
lar ‘shift’ to higher non-locality η, as magnetisation χ,
increases.
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FIG. 4. Lineouts of H∧ for different magnetisation values
against non-locality. Though less clear than the perpendic-
ular correction, H∧ shows a clear shift to higher η as the
magnetisation χ increases.
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FIG. 5. Lineouts of 1/H∧ for different magnetisation values
against non-locality. The inverse of H∧ more clearly shows
how the cross perpendicular term ∧ disappears at high values
of η, with magnetisation shifting the drop-off to higher values
of η
Given the diffusive approximation corresponds to ig-
noring all terms with l > 1, an important question is
how the infinite continued fraction differs from this trun-
cated version. How do the correction factors change as
higher orders are included and does the result converge?
The convergence of H‖, shown in figure 6, shows that
even including up to l = 3 still results in significant
under-prediction for non-locality parameters η > 10.
Looking at the convergence of these functions, it is
clear there is significant deviation at intermediate values
of non-locality. This is entirely the result of higher-order
modes that are ignored in almost all closures and trans-
port models.
7100 101 102 103
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l=100
FIG. 6. Convergence of H‖ as more terms are included. No-
tice the l = 3 curve plateaus to a finite value at high η, trun-
cating the expansion at l = 3 would result in significant errors.
IV. THE CORRECTED TRANSPORT
COEFFICIENTS
With these H functions, the transport coefficients in
the linear regime can be recalculated using the expres-
sions found in the Appendix Eqs. A23-A31 and the mod-
ified moments Eqs. A20-A22. The first step will be to
compare them to the coefficients calculated by Epperlein
and Haines [25]. This will show how non-locality and
the expansion truncation changes thermal conductivity,
resistivity and the thermoelectric effect.
Figures 7 and 8 show the comparison between the
Epperlein and Haines coefficients [25] and the new cor-
rected forms. Figure 7 plots the normalised parallel coef-
ficients against non-locality and reassuringly as the non-
locality parameter η → 0 the new coefficients converge
on the Epperlein and Haines values in the Lorentz limit
(Z → ∞). Figure 8 focuses on the perpendicular and
cross-perpendicular coefficients in the local approxima-
tion. Again we see a reassuring equivalence with the Ep-
perlein and Haines dependence on the thermal Hall pa-
rameter χth = χ(vth). This is apart from the highly mag-
netised cross-perpendicular resistivity α∧ where it peaks
at a much higher value. This divergence from the result
of Epperlein and Haines was also seen in previous work
[26]. While the values of α∧ converge asymptotically, the
intermediate deviation corresponds not to non-locality
but to the difference between the fitted form of [25] and
the calculation in [26].
Figure 9 plots the parallel coefficients against non-
locality parameter. Given there is no dependence on
magnetisation for the parallel terms, the dependence on
ηth = η(vth) is monotonic. The parallel thermal con-
ductivity and thermoelectric coefficient decrease, with β‖
dropping sharply at ηth ≈ 0.05. The resistivity mirrors
the thermal conductivity with a steady increase with in-
creasing non-locality.
The perpendicular and cross-perpendicular resistivity,
shown in figures 10 and 11, reveal the signs of the com-
plex interplay between magnetisation and non-locality.
The most significant feature of the magnetised non-local
coefficients in this linear regime is shared by both the
thermal conductivity and thermoelectric coefficients. All
four show a peak, with a value greater than the local
(ηth = 0) value, which appears and grows as χth in-
creases, illustrated in lineouts figures 12, 13,14 and 15.
This in turn shifts the curves to higher values of ηth.
This non-monotonic dependence appears as magnetisa-
tion grows.
V. IMPLICATIONS IN THE CONTEXT OF
LASER-PLASMA EXPERIMENTS
The explanation for these effects lies in the coupling
between different directions in a magnetised plasma. The
magnetic field term in the VFP couples together the x, y
components. When this is repeated in the recursion re-
lation there is a coupling from x to y and back again
ad infinitum. The localising nature of magnetisation per-
pendicular to the direction of the magnetic field leads to
a minimum in H⊥ and the corresponding non-monotonic
behaviour with non-locality in the transport coefficients.
In particular, the reversal of the β coefficients corre-
sponds to the value of ηth where 〈Mv˜9〉 = 5〈Mv˜7〉 in
Eq. A5. As the moments 〈v˜n〉 are functions of the non-
locality parameter ηth, there is a point where the thermo-
electric term in the Onsager forms cancels out. Whilst
the reversal of the β sign has been reported before in un-
magnetised plasmas [29], it has not been seen for the full
magnetised transport coefficients.
This also implies the Nernst effect switches direction at
high values of ηth, since the thermal conductivity κ does
not reverse in a similar manner, there is advection against
heat flow. One can consider the Nernst effect acting on
a single temperature mode δT . As the wavenumber of
the mode increases, we can see from figure 13 that at
some point - dependent on the value of magnetisation -
the Nernst effect will act in anti-phase to the thermal
diffusion. In doing so the Nernst effect no longer approx-
imately follows the heat flow as used by Haines [30].
In the context of laser-plasma experiments, experi-
ments have been performed in both ICF-like [31] and
MAGLIF schemes [32] where the magnetisation param-
eter χ is of the order > 10. Comparing the temper-
ature and density scales and the expected non-locality,
magnetised plasma physics experiments frequently enter
regimes where the transport coefficients differ by up to
a factor of 2 because of the effects described above. In
addition, if the Nernst (driven by β∧) and Cross-Nernst
(driven by β⊥) are as significant as recent simulations
suggest [33, 34], their reversal of direction will further
change the dynamics away from what current simulations
suggest.
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FIG. 7. The black lines show the local parallel transport coefficients calculated by Epperlein and Haines in the Lorentz
approximation. The non-local results presented in this paper are shown with dashed blue lines. The non-local correction has
led to resistivity growing with η and thermal conductivity and the thermoelectric term dropping off to zero as η increases.
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FIG. 8. Comparison of the perpendicular and cross-
perpendicular transport coefficients (blue dashed lines) pre-
sented in this paper, with the Epperlein and Haines results
(solid black lines) in the Lorentz limit.
VI. CONCLUSIONS
In summary, in the linear regime the influence of mag-
netised non-locality can be aggregated into three correc-
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FIG. 9. The parallel transport coefficients as a function of
non-locality ηth. β‖ drops quickly with ηth before changing
sign, while α‖ and κ‖ asymptotically have a linear depenence
on ηth
tion functionsH‖, H⊥, H∧. This is performed using a ma-
trix recursion method to all orders of the spherical har-
monic expansion. These corrections represent the non-
locality parallel, perpendicular and cross-perpendicular
to the applied magnetic field respectively. Using these to
derive the corrected transport coefficients, we have shown
how they differ from the classical approximation. The
unexpected non-monotonic dependence on non-locality
as these coefficients become increasingly magnetised has
never before been reported. In turn, the peaks with up
to double the diffusion approximation value at interme-
diate values of non-locality, would lead to as-yet unseen
transport phenomena in the linear regime.
Though this work looked only at the case of a magnetic
field perpendicular to the wavevector of a perturbation,
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FIG. 10. These lineouts of α⊥ for different magnetisation
values show an inflection point at ηth ≈ 0.1 when χth > 15
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FIG. 11. When α∧ is magnetised, a drop appears at ηth ≈
0.05, with the depth of the valley larger at higher values of
χth
these results could be extended to an arbitrarily-directed
magnetic field. In this case, the recurrence relation would
include more terms and the H function corrections would
include contributions from all elements of the matrix G.
By incorporating the higher-order modes into trans-
port calculations, we present a possible source of error in
simulations of plasmas under magnetic fields. This im-
proves our understanding of magnetised transport and
can be used directly in the analysis of damping of waves
in plasmas. Overall, this result provides motivation for
the closer study of the terms ignored in most fluids clo-
sures. We conclude it is necessary to use higher-order
terms of the spherical harmonic expansion when con-
structing a closure in magnetised plasmas.
Inertial fusion experiments today work in regimes
where the transport in the plasma is non-local. With the
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FIG. 12. Peaks in β⊥ appear when χth > 0, before eventually
changing sign at a value of ηth that depends on the value of
χth
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FIG. 13. Lineouts of β∧ tend to zero at very high ηth at
all values of χth. The swing from positive to negative is more
extreme at higher χth, with the maximum, minimum and zero
all dependent on χth
use of very strong magnetic fields, a better understand-
ing of the interplay between non-locality and magnetisa-
tion is required. As we have demonstrated in this work,
the deviation from classical transport can change the ex-
pected transport of charge, heat and magnetic fields in a
plasma.
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Appendix A: Calculating the Local Transport
Coefficients
The electric field that corresponds to the electron pres-
sure can be separated out of the δfˆ0 term by consid-
ering the form of Ohm’s law. Denoting this field by
eneE
′ = −∇pe and using the ideal gas equation of state,
in Fourier space it becomes
Eˆ
′
= ik
T0
e
(
δTˆ
T0
+
δnˆ
n0
)
, (A1)
from which we define
aˆ
′ = −eEˆ
′
me
= −ik T0
me
(
δTˆ
T0
+
δnˆ
n0
)
. (A2)
The total electric field will now be called a∗ = a′ + a.
To simplify the analysis, the velocity is re-
parameterised such that v˜ = v/vth and the equation be-
comes,
fˆ1 = − v˜
4
νT vth
M
[
ik
δTˆ
me
1
2
(v˜2 − 5)− a∗
]
fm, (A3)
where νT = νei(vth).
In order to simplify the integration procedure whilst
taking moments of this equation, we introduce the inte-
gral
n0
v3th
〈Mv˜n〉 = 4π
∫ ∞
0
Mv˜nfmdv˜. (A4)
If this expression is now used alongside the moment
definitions of heat flow and current, eqs. 11 and 12, these
fluxes can be written,
jˆ
(
− 3
ev4th
)
=
n0
νT v4th
[
〈Mv˜7〉a∗ − ik δTˆ
me
1
2
(〈Mv˜9〉 − 5〈Mv˜7〉)
]
(A5)
qˆ
(
6
mev6th
)
=
n0
νT v4th
[
〈Mv˜9〉a∗ − ik δTˆ
me
1
2
(〈Mv˜11〉 − 5〈Mv˜9〉)
]
. (A6)
This transport pair can now be put into the Onsager
[35] form with matrix-valued coefficients ρ,σ, ζ,µ,
jˆ = σE∗ + iρkδTˆ (A7)
qˆ = iζkδTˆ + µE∗. (A8)
In this form each thermodynamic flux (j,q) is driven
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by thermodynamic forces (E, δT ). It will however be of
more use to use the classical transport forms used in the
literature. Thus we invert the current equation eq. A7
and re-express the heat flow equation in terms of the
intrinsic heat flow q′, following Bychenkov [20].
en0E
∗ = αj− n0iβkδTˆ (A9)
qˆ
′ = −iκkδTˆ − βjT0
e
(A10)
In this form we consider the thermal conductivity κ,
the resistivity α and the thermoelectric coefficient β. By
comparison with the Onsager forms, we can put the clas-
sical coefficients in terms of the Onsager coefficients,
α = en0σ
−1 (A11)
κ = −(ζ + µσ−1ρ) (A12)
β = −eσ−1ρ. (A13)
By collecting the terms of the above equations, we can
see the coefficients have the form,
α =
3meνT
e
〈Mv˜7〉−1, (A14)
κ =
n0v
2
th
νT 12
[〈Mv˜11〉 − 〈Mv˜9〉〈Mv˜7〉−1〈Mv˜9〉] , (A15)
β =
1
2
[
]〈Mv˜7〉−1〈Mv˜9〉 − 5I] , (A16)
Without loss of generality, the magnetic field can be
considered to lie along the z-axis, in which case the mag-
netisation matrix moment integral 〈Mv˜n〉 can be more
simply written as,
〈Mv˜n〉 =

〈v˜n〉⊥ −〈v˜n〉∧ 0〈v˜n〉∧ 〈v˜n〉⊥ 0
0 0 〈v˜n〉‖


The individual elements are integrals over a
Maxwellian with the form,
〈v˜n〉‖ = 4π
∫ ∞
0
v˜nf˜mdv˜, (A17)
〈v˜n〉⊥ = 4π
∫ ∞
0
v˜n
(1 + χ2thv˜
6)
f˜mdv˜, (A18)
〈v˜n〉∧ = 4π
∫ ∞
0
χthv˜
n+3
(1 + χ2thv˜
6)
f˜m, dv˜ (A19)
with f˜m = (2π)
3/2 exp−v˜2/2 and χth = χ(vth).
When the correction factors are included, the corrected
transport coefficients are calculated by using the modified
forms,
〈v˜n〉‖ = 4π
∫ ∞
0
v˜n
H‖
f˜mdv˜, (A20)
〈v˜n〉⊥ = 4π
∫ ∞
0
v˜n
H⊥(1 + χ2thv˜6)
f˜mdv˜, (A21)
〈v˜n〉∧ = 4π
∫ ∞
0
χthv˜
n+3
H∧(1 + χ2thv˜6)
f˜m, dv˜ (A22)
Finally, using these expressions for each individual co-
efficient parallel, perpendicular and cross-perpendicular
to the field we arrive at the normalised coefficients,
12
αc‖ =
3
〈v˜7〉‖
(A23)
αc⊥ =
3〈v˜7〉⊥
〈v˜7〉2⊥ + 〈v˜7〉2∧
(A24)
αc∧ =
3〈v˜7〉∧
〈v˜7〉2⊥ + 〈v˜7〉2∧
(A25)
κc‖ =
1
12
[
〈v˜11〉‖ −
〈v˜9〉2‖
〈v˜7〉‖
]
(A26)
κc⊥ =
1
12
[
〈v˜11〉⊥ −
( 〈v˜9〉2⊥〈v˜7〉⊥ + 2〈v˜9〉⊥〈v˜9〉∧〈v˜7〉∧ − 〈v˜9〉2∧〈v˜7〉⊥
〈v˜7〉2⊥ + 〈v˜7〉2∧
)]
(A27)
κc∧ =
1
12
[
〈v˜11〉∧ −
( 〈v˜9〉2∧〈v˜7〉∧ − 〈v˜9〉2⊥〈v˜7〉∧ + 2〈v˜9〉∧〈v˜7〉⊥〈v˜9〉⊥
〈v˜7〉2⊥ + 〈v˜7〉2∧
)]
(A28)
βc‖ =
1
2
〈v˜9〉‖
〈v˜7〉‖
− 5
2
(A29)
βc⊥ =
1
2
[〈v˜9〉⊥〈v˜7〉⊥ + 〈v˜9〉∧〈v˜7〉∧
〈v˜7〉2⊥ + 〈v˜7〉2∧
]
− 5
2
(A30)
βc∧ = −
1
2
[ 〈v˜9〉⊥〈v˜7〉∧ − 〈v˜7〉⊥〈v˜9〉∧
〈v˜7〉2⊥ + 〈v˜7〉2∧
]
(A31)
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